Introduction
Let G be a graph with vertex set V (G) and edge set E(G). An edge coloring of G is an assignment of colors to the edges of G, one color to each edge.
An edge coloring f of G is an M i -edge coloring if at most i colors appear at any vertex of G, i.e. |f G (v)| ≤ i for every vertex v of G, where f G (v) is the set of colors of edges incident with v. The problem is to determine the maximum number of colors K i (G) used in an M i -edge coloring of G. The exact values for K i (G) are known only for subcubic graphs [3, 5] , complete graphs [2] , cacti and graph joins [4] in the case when i = 2.
In this paper we determine K 3 (G) and K 4 (G) for complete graphs. We say that an M i -edge coloring of G is optimal if it uses K i (G) colors.
Results
In the first part of this section we prove some propositions for M i -edge colorings in general, then we deal with cases i = 3, 4.
The degree of a vertex v of G, denoted by deg G (v) , is the number of edges incident with v. A k-vertex is a vertex of degree k.
Lemma 2.1 Let f be an M i -edge coloring of a complete graph G. Let G be a multicolored (no two edges have the same color) subgraph of G. If v 1 and v 2 are i-vertices in G , then they are adjacent in G .
Proof If v 1 and v 2 are not adjacent in G , then f G (v 1 ) ∩ f G (v 2 ) = ∅. Since v 1 and v 2 are i-vertices in G we have
Corollary 2.2 Let f be an M i -edge coloring of a complete graph G. If G is a multicolored subgraph of G, then the number of i-vertices in G is at most i + 1.
Proof Lemma 2.1 implies that the i-vertices of G induce a complete graph in G . Proof From Lemma 2.1 it follows that the vertices v 1 and v 2 are adjacent in G . Assume that the edge v 1 v 2 has color c 1 .
. Therefore the edges v 1 v 3 and v 2 v 3 must have color c 1 in G. 
2.1 M 3 -edge colorings of complete graphs Proposition 2.5 If G is a complete graph on n ∈ {2, 3, 4} vertices, then
Proof If n ∈ {2, 3, 4}, then the maximum degree of G is at most three. Consequently, an edge coloring which assigns different colors to distinct edges is an M 3 -edge coloring of G.
Theorem 2.6 Let G be a complete graph on n ≥ 5 vertices. Then
Proof Let C n be a cycle on n edges in G. Color the edges of C n with colors 1, 2, . . . , n and the other edges of G with the same color n + 1. Such an edge coloring of G is an M 3 -edge coloring with n+1 colors, therefore
Suppose to the contrary that K 3 (G) ≥ n + 2. Let f be an optimal M 3 -edge coloring of G and let G be a multicolored subgraph of G with K 3 (G) edges (we choose one edge from each color class).
The graph G contains more than three 3-vertices, since otherwise 2n
By Corollary 2.2, G contains at most four 3-vertices. Consequently, G has exactly four 3-vertices. Then, by Corollary 2.4, G contains no 2-vertex, hence
M 4 -edge colorings of complete graphs
Proposition 2.7 If G is a complete graph on n ∈ {2, 3, 4, 5} vertices, then
Proof If n ∈ {2, 3, 4, 5}, then the maximum degree of G is at most four. Consequently, an edge coloring which assigns different colors to distinct edges is an M 4 -edge coloring of G.
Lemma 2.8 Let G be a complete graph on n ≥ 6 vertices and let f be an M 4 -edge coloring of G. Let G be a multicolored subgraph of G. If G contains exactly four 4-vertices, then it contains at most two 3-vertices. Lemma 2.9 Let G be a complete graph on six vertices. Then Suppose to the contrary that K 4 (G) ≥ 12. Let f be an optimal M 4 -edge coloring of G and let G be a multicolored subgraph of G with K 4 (G) edges. By Corollary 2.2, the graph G has at most five 4-vertices, therefore
Theorem 2.10 Let G be a complete graph on n = 2k vertices, k ≥ 4. Then
Proof Let H be an n-vertex 3-regular subgraph of G. Clearly, H has Suppose to the contrary that K 4 (G) ≥ 3·n 2 + 2. Let f be an optimal M 4 -edge coloring of G and let G be a multicolored subgraph of G with K 4 (G) edges. The graph G contains at least four 4-vertices, since otherwise 3n + 4 = 2·
Then, by Corollary 2.2, the number of 4-vertices is either four or five in G .
If G contains five 4-vertices, then it contains no 3-vertex (see Corollary 2.4), therefore 3n + 4 ≤
If G contains four 4-vertices, then it contains at most two 3-vertices (see Lemma 2.8), therefore 3n + 4 ≤
which implies n ≤ 6, a contradiction. Lemma 2.11 Let G be a complete graph on seven vertices. Then
Proof Let H be a subcubic subgraph of G with 10 edges. Color the edges of H with different colors and then the other edges of G with the same color. In such a way we obtain an M 4 -edge coloring of G with 11 colors, therefore K 4 (G) ≥ 11.
Suppose to the contrary that K 4 (G) ≥ 12. Let f be an optimal M 4 -edge coloring of G and let G be a multicolored subgraph of G with K 4 (G) edges.
The graph G has at least three 4-vertices, since otherwise 24 = 2 · 12 The vertex v 6 can be adjacent to at most one vertex from {v 1 , v 2 , v 3 , v 4 } in G since otherwise f is not an M 4 -edge coloring -w.l.o.g. assume that v 1 v 6 , v 2 v 6 ∈ E(G ), then f G (v 6 ) = {7, 8, 11, 12} and so the color of the edge
Similarly, the vertices v 5 , v 7 can be adjacent to at most two vertices from
If v 6 is adjacent with no vertex from {v 1 , v 2 , v 3 , v 4 } in G , then we can assume that {7, 8, 12} ⊆ f G (v 7 ) and {9, 10, 11} ⊆ f G (v 5 ). Then the color of the edges v 1 v 5 , v 2 v 5 must be 2 and the color of the edges v 3 v 7 , v 4 v 7 must be 4 in G. Therefore, f G (v 7 ) = {4, 7, 8, 12} and f G (v 5 ) = {2, 9, 10, 11}, so there is no admissible color for the edge v 5 v 7 in G.
If v 6 is adjacent with one vertex from {v 1 , v 2 , v 3 , v 4 } in G , then v 5 or v 7 is adjacent to two vertices from {v 1 
and then the color of the edges v 2 v 6 , v 3 v 6 must be 3 in G. Therefore, f G (v 6 ) = {3, 7, 11, 12} which implies that there is no admissible color for the edge v 4 v 6 in G.
So from now on we can suppose that G contains exactly three 4-vertices v 1 , v 2 , v 3 (which are pairwise adjacent). Assume that f G (v 1 ) = {1, 2, 3, 4},  f G (v 2 ) = {2, 5, 6, 7}, f G (v 3 ) = {1, 5, 8, 9} (the edges v 1 v 2 , v 2 v 3 , v 3 v 1 have  colors 2, 5, 1, respectively) . Clearly, the edges of colors 10, 11, 12 are incident with vertices v 4 , v 5 , v 6 , v 7 in G . So they induce a star, a cycle or a path on three edges. 
The fact that G has at least 12 edges and three vertices of degree four implies that the other four vertices of G have degree three. Therefore, w.l.o.g. we can assume that {3,
. Then the color of the edges v 1 v 6 , v 2 v 6 must be 2 and the color of the edges v 1 v 5 , v 3 v 5 must be 1 in G. Therefore, f G (v 5 ) = {1, 7, 11, 12} and f G (v 6 ) = {2, 9, 10, 12}. Then the color of the edges v 5 v 7 , v 6 v 7 must be 12 and the color of the edges v 2 v 4 , v 3 v 4 must be 5 in G. Therefore, f G (v 4 ) = {4, 5, 10, 11} and f G (v 7 ) = {3, 6, 8, 12}. Consequently, there is no admissible color for the edge v 4 v 7 in G.
Case 3: If the edges of colors 10, 11, 12 induce a path in G , then w.l.o.g. we can assume that 10
. We distinguish two cases.
Case 3a: Suppose that there is an i ∈ {1, 2, 3} such that the vertices v 4 and v 7 are not adjacent to v i in G . Then w.l.o.g we can assume that {6,
Then the color of the edges v 2 v 5 , v 3 v 5 must be 5 and the color of the edges v 2 v 6 , v 3 v 6 must be 5 in G as well. Then the color of the edges v 1 v 7 , v 5 v 7 must be 3 and the color of the edges v 1 v 4 , v 4 v 6 must be 4 in G. Therefore, f G (v 4 ) = {4, 6, 8, 10} and f G (v 7 ) = {3, 7, 9, 12}. Consequently, there is no admissible color for the edge v 4 v 7 in G.
Case 3b: Now suppose that for i = 1, 2, 3 the vertex v i is adjacent to a vertex from {v 4 , v 7 } in G . Since the vertices v 4 , v 5 , v 6 , v 7 have degree three in G , w.l.o.g. we can assume that {3,
If {9, 10, 11} ⊆ f G (v 5 ) and {7, 11, 12} ⊆ f G (v 6 ), then the color of the edges v 1 v 5 , v 2 v 5 must be 2 and the color of the edges v 1 v 6 , v 3 v 6 must be 1 in G. Then the color of the edges v 3 v 7 , v 5 v 7 must be 9 and the color of the edges v 2 v 4 , v 4 v 6 must be 7 in G. Therefore, f G (v 4 ) = {3, 7, 8, 10} and f G (v 7 ) = {4, 6, 9, 12}. Consequently, there is no admissible color for the edge v 4 v 7 in G. Theorem 2.12 Let G be a complete graph on n = 2k + 1 vertices, k ≥ 4. Then
Proof Let G 1 be an (n − 1)-vertex 3-regular subgraph of G. Let G 2 be an n-vertex subgraph of G obtained from G 1 by removing an edge uv and adding a new vertex w and two edges uw, vw. Observe that G 2 has 
Suppose to the contrary that K 4 (G) ≥ 3·(n−1) 2 + 3. Let f be an optimal M 4 -edge coloring of G and let G be a multicolored subgraph of G with K 4 (G) edges. The graph G contains at least three 4-vertices, since otherwise 3n+3 = 2· Let v 1 , v 2 , v 3 be 4-vertices and let v 4 , . . . , v 9 be 3-vertices in G (we have at least six 3-vertices since n ≥ 9). Lemma 2.3 implies that every 3-vertex v i , i = 4, . . . , 9, is adjacent to at least one vertex from {v 1 , v 2 , v 3 }. W.l.o.g. assume that v j is adjacent to v 2j+2 and v 2j+3 for j = 1, 2, 3.
Assume that the edges v 1 v 2 , v 1 v 3 , v 2 v 3 have colors 1, 2, 3, respectively. Next assume that f G (v 4 ) = {4, 5, 6}. By Lemma 2.3 the color of the edge v 2 v 3 appears at the vertex v 4 in G, hence f G (v 4 ) = {3, 4, 5, 6}. The vertex v 4 is not adjacent to at least one vertex from {v 7 , v 8 , v 9 } in G , since it has degree three in G . W.l.o.g. we can assume that v 4 is not adjacent to v 7 . This implies that f G (v 4 ) ∩ f G (v 7 ) = ∅. So we can assume that f G (v 7 ) = {7, 8, 9}. By Lemma 2.3 the color of the edge v 1 v 3 appears at the vertex v 7 in G, hence f G (v 7 ) = {2, 7, 8, 9}. Clearly, the color of the edge v 4 v 7 in G is from the set f G (v 4 ) ∩ f G (v 7 ) = ∅, a contradiction.
